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Abstract 

Oh! 

r-| ! A new class of renormalizable gauges is introduced that is particularly well 

suited to compute effective potentials in spontaneously broken gauge theories. 
It allows one to keep free gauge parameters when computing the effective po- 
tential from vacuum graphs or tadpoles without encountering mixed propagators 
of would-be-Goldstone bosons and longitudinal modes of the gauge field. As an 
illustrative example several quantities are computed within the Abelian Higgs 
model, which is renormalized at the two-loop level. The zero temperature effec- 
tive potential in the new gauge is compared to that in i?^ gauge at the one-loop 
level and found to be not only easier to compute but also to have a more conve- 
nient analytical structure. To demonstrate renormalizability of the gauge for the 
non-Abelian case, the renormalization of an SU(2)-Higgs model with completely 
broken gauge group and of an S0(3)-Higgs model with an unbroken SO (2) sub- 
group is outlined and renormalization constants are given at the one-loop level. 
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1 Introduction and Summary 



The effective potential (EP) of a relativistic quantum field theory (QFT) [l| is a 
useful tool for investigating several questions of physical interest such as the vac- 
uum structure of the theory, inflationary cosmology and finite temperature phase 
transitions (see e.g. |^ and references therein). Recently for instance there has 
been renewed interest in the details of the electroweak phase transition in the early 
universe since its nature is crucial in deciding whether the baryon asymmetry of 
the universe was created at that time. The availability of a good approximation 
scheme for the EP of the Higgs field is considered to be critical in that context 
by many authors (see e.g. ^ and references therein). 

Although the EP of spontaneously broken gauge theories (SBGT) is frequently 
employed, there is no convenient gauge that at the same time 

(i) allows the EP to be computed from graphs with no or one external line 
(from here on to be called vacuum graphs and tadpoles, respectively), 

(ii) avoids awkward-to-use mixed propagators of would-be-Goldstone bosons 
and the longitudinal modes of the gauge field and 

(iii) keeps at least one free gauge parameter. 

Usually Landau gauge (i.e. gauge with ^ = 0) is used because then points (i) 
and (ii) are fulfilled. However in this case there is no free gauge parameter left. 
Since in general the EP itself is gauge dependent, it would be important to see if 
physical results extracted from it are indeed gauge invariant. 

In this paper a class of quadratic renormalizable gauges very similar to the 
(linear) gauges is introduced that fulfills all of the above requirements. The 
price one has to pay is the existence of two or more gauge parameter of which 
a subset has to be set to unity to avoid mixed propagators. This causes no 
problems as long as no use is made of the renormalization group which would 
make all gauge parameters running and again give rise to the presence of mixed 
propagators. 

The paper is structured as follows: In section ^ why and how vacuum graphs 
(or tadpoles) can be used to compute the EP of a QFT is briefly reviewed. In 
section |^ the new class of gauges is introduced for a general SBGT. Its features are 
described and its ERST invariance is written down. Sectionals devoted to BRST 
and anti-BRST invariance. It is shown how the number of gauge parameters can 
be reduced by imposing anti-BRST invariance additionally to BRST invariance. 
In section |^ the Abelian Higgs model is used as an illustrative example. Its 
Feynman rules in the new class of gauges are given, it is renormalized at the two- 
loop level and the physical Higgs and gauge boson masses are computed at the 
one-loop level and their gauge independence checked. The one-loop contribution 
to the EP is compared to that in R^ gauge and found not only to be easier to 
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compute but also to have a more desirable analytical structure. The two-loop 
contribution to the EP is given. To demonstrate the renormalizability of the 
gauge in more complicated cases, in sections |^ and |^ the renormalization of an 
SU(2)-Higgs model with completely broken gauge group and of an S0(3)-Higgs 
model with an unbroken SO (2) subgroup is sketched with explicit results given 
at the one-loop level. Since the evaluation of the EP proceeds in close analogy 
to the Abelian case it is not considered anew. 

2 The EP and IPI n-Point Functions 

In this section the well-known connection between the EP of a QFT and vacuum 
graphs 10, tadpoles 0] and higher order functions in a shifted theory is 
presented in a very compact way for further reference. 

The EP of a QFT is the generator for the one particle irreducible (IPI) n- 
point functions at zero external momenta. If we expand the EP V{(j)) about some 
point tu, we get 

OO 1 

V{<P) = - E ^r„(u;,p, = O)(0 - u)\ (1) 

n=0 ^' 

where r„(c(j,pj) is the IPI n-point Greens function in the modified theory where 
the field has been shifted by uj. Taking the derivative of this equation with 
respect to uo and observing that the EP is independent of the point we expand it 
about, we arrive at the recursion relation 

d 

r„+i(u;,pj = 0) = — r„(cj,pj = 0). (2) 
Setting = u; in (|l|) gives 

V{uj) = -V^{uj,p, = Q) (3) 
and therefore the n-th derivative of the EP is given by 

r(")H = -r„,(cu,p, = o). (4) 

Thus instead of summing over n as in (|T]) we can use n-point functions in a 
shifted theory and integrate n times. However, if higher order functions than 
tadpoles are used, the choice of integration constants is a non-trivial problem if 
no additional information is available. Throughout this paper vacuum graphs 
(i.e. n = 0) are used so that no integration over oj is needed. 

It is crucial for the above derivation to hold that the only place where uj enters 
the modified Lagrangian is through the shifted scalar field as already noted in 
[0. Otherwise (|T]) does not hold. 
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3 The New Gauge 



Within the scalar sector of a gauge field theory with gauge group G let $ be 
a field that is expected to get a vacuum expectation value (vev) so that G is 
spontaneously broken. Assume that $ has been put into a real multiplet on which 
a homogeneous linear and unitary representation acts and that, for simplicity, G 
is simple and the representation irreducible. (The generalization to non-simple 
groups and reducible representations is straightforward.) 

First recall the class of gauges : The gauge fixing term here is 

^gf = {d.A^a + ^^9 v^T^^'f , (5) 

where ^ = vo + vq being the tree-level vev of $, (7 the gauge coupling and 
Ta the (imaginary and antisymmetric) gauge group generators. With this gauge 
fixing it is not possible to satisfy all three requirements (i)-(iii) simultaneously: If 
the Higgs field is shifted by some u (additionally to vq), then point (ii) is violated. 
If we modify in the gauge fixing term so as to avoid that, then the complete 
Lagrangian does no longer depend only on the sum of shifted field and shift, but 
on those two quantities separately which invalidates the derivation in section ^ 
and point (i) is no longer fulfilled. If we set ^ = 0, it turns out that (i) and 
(ii) are satisfied (most easily seen by the fact that the gauge to be introduced 
subsequently has effectively the same Feynman rules in the corresponding limit), 
but (iii) is violated, i.e. we have no check of gauge independence of physical 
quantities anymore. 

Now choose a unit vector {) in $ space and consider the gauge fixing term 

-^^gf = —\o-abFaFb (6) 

with 

Fa = d^A>^ + igQabfvv'^Ti^cl) + gRabcVbVc + gSabcAb^^A^ , (7) 

where aab and Qab are real and symmetric, f]a, rja are ant i- commuting ghost fields 
and repeated Latin indices are summed over all generator indices of the gauge 
group. This term necessitates the further addition of the ghost term 

-^^gh = {d^f]a){D^r]a) - g'^Qac(f>^{vv'^TcTb-TbVv'^Tc)(t)f]ar]b 

+ y^RabefecdVaVbVcVd " 2g SabcVaA'^ D ^,1]^ (8) 

with 

D^Va = d^r]a + 9fabcVbA^c^ (9) 

where the fabc are the completely antisymmetric structure constants of our gauge 
group with normahzation [Ta,Tfe] = ifabcTc- 
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The action is now invariant under the BRST transformation 



Sfj) = -iK,gr]aTa(j) 

57]a = -KaabFb 
SVa = ^HgfabcVtVc 

with anticommuting k, provided Rabc is antisymmetric in its first two indices and 
Sabc is symmetric in its last two indices, i.e. 

Rabc = ~Rbac ; Sabc — Sacb ■ (H) 

Note that the terms "gauge fixing" and "ghost" Lagrangian are somewhat 
ambiguous since £gf aheady contains the ghost fields. This, as well as the ap- 
pearance of quartic ghost terms, is quite generic to quadratic gauge fixing func- 



tions Fa [§] and requires us to BRST-quantize |]T0| the theory instead of following 
the Fadeev-Popov procedure. Note that if we ignore for a moment the quadratic 
gauge and ghost terms in the gauge fixing function and set Qab = (^ab = Sab, 
we could loosely say that the new gauge obtains from R^ gauge by promoting the 
quantity Vq in to a full field including its quantum fluctuations. 

We assume here that it is possible to choose the aab, ©afe, Rabc and Sabc in such 
a way that renormalization forces no new terms in the Lagrangian upon us. If 
the v^TaTh^ cannot be expressed by -0"^$ and the v^Ta^ that might not be true 
and additional terms like e.g. Tabcd^'^TbVv'^TcTd^ have to be introduced into the 
gauge fixing function. Instead of trying to set up a general procedure to pick the 
aab, Qab, Rabc, Sabc, ^ abed, ■ ■■ , examples will be given in sections |, | and 0. See 
however the last paragraph of section ^. 

Now let us introduce some constant shift ip by 

$ = (^t) + (12) 

Then Cgf and £gh still depend only on the sum of shift and remaining quantum 
field $' and the derivation in section ^ is valid and thus point (i) is fulfilled. 

On the other hand, it is easy to check that for any shift (f the mixing terms 
between would-be-Goldstone modes and longitudinal gauge modes vanish and 
point (ii) is also fulfilled, provided {<jQ)ab = ^ab when a or 6 corresponds to a 
broken generator, i.e. Ta^v ^ 0. Although {aQ)ab generally gets renormalized, 
we can set its renormalized value among the broken generators equal to 5ab (in 
BPHZ renormalization) and point (ii) remains valid. 

Point (iii) is clearly satisfied, too, since aab and Qab contain gauge parameters. 

Replacing (a, 9,i?, 5) — *• {a/^,^Q,^R,^S) and letting ^ — *■ one regains 
effectively the Feynman rules for Landau gauge among the R^ gauges. This 
explains naturally why in this gauge vacuum graphs or tadpoles can be used to 
compute the EP. However it is not clear to the present author if also the effective 
potential will always go smoothly to that of Landau gauge if the limit ^ — is 
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taken after the regulator is removed. This will only happen if even for ^ vq 
all infrared singularities stemming from vanishing ghost and longitudinal gauge 
boson masses cancel. It is easily seen, however, that this problem does not appear 
up to two loops. 

Setting (o"9)afe = 5ah for broken generators is unproblematic though, since no 
eigenvalues of the mass matrix disappear and therefore there is no discontinuos 
change in the singularity structure of the theory to any given order in the loop 
expansion. 

It is important to ensure that Fa does not receive an expectation value since 
otherwise BRST symmetry would be spontaneously broken and the gauge a bad 



one in the sense of As in other gauges, the easiest way to achieve this is 
to impose appropriate symmetries on £efr as is the case in all examples in this 
paper. 

The class of gauges introduced by (|^) is quadratic and renormalizable for 
appropriate daf,, Qahi Rabc and Sahc (up to the issue of closing the algebra of 
scalar fields appearing in £gf and £gh, see above and next section). Because of 
its similarity to the class of i?^ gauges, it is called from here on. 

4 BRST and anti-BRST Invariance 

In this section the gauge fixing and ghost Lagrangians (P) and (H) will be derived 
in a simple way. Then a similar procedure will be followed to find gauge fixing 
and ghost Lagrangians that are additionally anti-BRST invariant. 
Define nil-potent BRST and anti-BRST operators s and s by [|12 

s(j) = -igr]aTa(p s(j) = -ig^Tacj) 

SVa = IgfabcVbVc 8% = \gfabcVbVc (13) 

Sfja = Ba Sr]a = Sa + gfabcVbVc 

sBa = sBa = gfabcVbBc 

with 

D'^Va = d^7]a + gfabcr]bA^c. (14) 

D^na = d'^Va + gfabcVbA'^, (15) 
and where Ba are auxiliary fields, i.e. without kinetic term. Consider 

£gf+gh = s[f]aid^A'^ + igQab<P'^vv'^Th(l) + ^gRabcVbVc + gSabcAb^.A'^ + Icr^j^^b)] 

= ^(^abBaBb 

+ Ba[df,A^ + igQab<fvV^Tb(t) + \g{Rabc - Rbac)VbVc + gSabcAb^,A''^] 

+ d^f]aD''r]a - g'^Qacff^ivv'^TJ'b - TbVv'^T^)(t)f]ar]b 

+ WRabefecdVaVbVcVd " fi'(5'abc + Sacb)VaAbf,D^'r]^ (16) 
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with some real quantities aab, ©at, Rate and Sate- Clearly we can assume Rate to 
be anti-symmetric in its first two and Sate to be symmetric in its last two indices. 
Nil-potency of s makes Cg{+gt automatically s-invariant. Integrating out Ba of 
the generating functional or, equivalently, eliminating it from the Lagrangian by 
its equation of motion, one recovers the sum of (|]) and (H). 

Now consider the s- and s-invariant gauge fixing and ghost Lagrangian 

J-ss = \ss{uJ(t)^Vv'^(t) + TabVaVb + A^^M^^A^;) (17) 

with real uo and real and symmetric Tab and Aab- Applying the rules for s and 
s, integrating out Ba, rescaling % —uj^^Aabf]b and defining aab = i^^(ArA)~^^, 
one gets 

Css = -jCTabFaFb + {d^f]a) {D>'T]a) - q"^ /\ac4>^ {vv'^T^Tb - TbVv'^Tc)(f)f]ar]b 

+ Ig'^RabefecdVaVbVcVd " 2g SabcVaAb^,D^r]c (18) 

with 

Fa = d^Ai^ + igAab4>^vv^Tb(j) + gRabcf}bVc + gSabcAbf,A^, (19) 

Rabc = l[AadAbeA^f^(rJ^A-,lfdeh- {(^ad^bf - (rbdKf)A^efcef], (20) 
Sabc = -\Aae{febdA'^} + fecdA'^b)- (21) 

Thus, given £gf and £gh by (||)-(||), C^i + £gh is not only BRST but also anti- 
BRST invariant, if there exists A^;, such that 

Qab = Kb for TbV^Q, (22) 

i.e. for h corresponding to broken generators, and such that Rabc and Sabc fulfill 
( pOD and (pT]). In the examples of sections ^ and |^ we will check at the one- 
loop level that the resulting conditions on the gauge parameters are stable under 
r enormalizat ion . 

There is a subtlety about unbroken Abelian subgroups. In this case it can 
be consistent to have an invertible aab but to set Aab and A~^^ to zero when 
a, h refer to that subgroup such that they are their mutually inverses only for 
the restriction to the rest of indices. It is easily seen that then the ghost fields 
corresponding to the Abelian subgroup under consideration effectively drop from 
the theory. An example of this case is the S0(3)-Higgs model with its unbroken 
S0(2) subgroup discussed in section |^. 

Again it needs to be noted that renormalization might force new terms in the 
Lagrangian on us, if v'^TaTb^ cannot be expressed through {}^$ and the v'^Ta^. 
Then one can try to introduce additional terms like e.g. ss{Tab^^TaVV^Tb^) into 
Css until the algebra of scalar fields appearing in Css closes. 

To close this section we can sketch a method of obtaining the desired renor- 
malizable effective Lagrangian even when renormalization forces terms upon us 
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that are not taken care of by Given some field content (including ghost 

and auxiliary fields) as well as gauge group generators and structure constants, 
write down the most general dim < 4 Lagrangian invariant under the s-symmetry 
of (|T3D (possibly extended to include more fields, e.g. fermions). Impose other 
global symmetries (discrete and/or continous, e.g. anti-BRST) to prevent the 
resulting Fa from getting an expectation value, to possibly eliminate other un- 
wanted terms and to diminish the number of gauge parameters. However keep 
£efT general enough such that when computing the effective potential a suitable 
subset of gauge parameters can be adjusted to the effect that unwanted mixings 
of fields disappear and still at least one gauge parameter is left. 



5 Application I: The Abelian Higgs Model 

In this section the use of gauge is illustrated within the Abelian Higgs model. 
It is given by the Lagrange density 

£ = ^ {D^<^f {D^<^) - \f,,F^^ - KiH^^ - -^{^^^f (23) 

with 

= d^A,-d,A^, (24) 

D^^ = {d^ + igT^A^)^, (25) 

Ti = r^ = {U). (26) 

= (01,02). (27) 

Here 0i and 02 are real scalar fields and with the scalar self-coupling A > and 
m? < the U(l) gauge symmetry is spontaneously broken, s-invariance forces 
Rabc = 0. Imposing the symmetries {A^,(f)i) (— A^, — 0i) and (^4^,02) — > 
{-A^, -02) of C also on £gf + £gh, we get Sate = 0. 

If we choose v'^ = (1, 0), cru = c H and 6ii = ^ we have 

^gf = -Yi^d,A^^igct>,ct>2)\ (28) 

2 i2\ - 



/:gh = d,nd^r^-^g'[<pi-ct>i)nv- (29) 

£efr = C + Cgf + Cgt can also be obtained by the following procedure: Take 
the most general dim < 4 Lagrangian with given field content (01, 02, A^^, f], rj, B). 
Impose the nil-potent s-symmetry of (|l^) with Ti given above and fabc = 
and the discrete symmetries (74^,01,5) (— A^, — 0i, — 5) and (74^,02,-B) 
(— A^, —02, —B). Integrate out B. Up to total divergencies and trivial changes 
of variables, £efr with the parameters given above is the result. Therefore £efr is 
renormalizable in any regularization scheme that observes the symmetries, e.g. 
dimensional regularization. 
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Since Ces is now invariant under {fj, rf) — » (—77, ff) and since fabc = 0, and thus 
this operation relates s- and s-invariance, C^s is also s- invariant. 

Now we are ready to break the U(l) symmetry by shifting {4>i,4>2) = {'P + 
(f)[,(f)2). For (7 = 1, there is no mixing between would-be-Goldstone and longitu- 
dinal gauge field modes and Ces becomes the sum of the following four pieces, 
ordered by their dimension: 

£0 = —X^'-^mV, (30) 
£1 = -(A(/?=^ + mV)0'i, (31) 

-\f,,F^'' - ^{d,A^)' + ^gVA.A^ + d.vd^v - ^gVvv, (32) 



iA0f - Arf - i(A + e/)0f 0? - (A + ^g'WM'i - \' 



,2,„i/- t:„2il2- I t„2il2- 



-2ig^^(t>'im - ig^im + ig^mri- (33) 

The Feynman rules can immediately be read off and are given in table |. For 
comparison also the Feynman rules in generalized gauge, i.e. 

£gf = -1/(20(5^A^ + ^gv<P'2)\ (34) 
>Cgh = d^f]d^r] - ^g^<p{(p[ + <p)fjrj, (35) 

are given ('generalized' since the gauge parameter ip is not necessarily the vev of 
the Higgs field). Note that as promised in Landau gauge the Feynman rules of 
both classes of gauges become identical (the remaining difference in the Higgs- 
gauge-Goldstone vertex is immediately seen to be irrelevant because now the 
gauge propagator is transverse) and therefore ip in generalized Landau gauge 
can serve as the argument of the EP. It can be shown that the Feynman rules 
effectively coincide also for unitary gauge (^ — > 00) in both classes of gauges. 

Up to an unphysical constant term the effective Lagrange density can be 
renormalized as 

£efr = ^{df,4>lB + gBABf,4>2Bf + ^(^^'^21? " fi-B^BM^lB)^ - ^^Bf^uF^'' 

-\^\{^\b + ^\b) - \^b{<^\b + 02b)' - ^(-^A^^^ + iBgB4>XB4>2Bf 

+df,f]Bd^r]B - iBg'i{,(t>lB - <I^Ib)VbVb (36) 
ill 

(plB = ZfjCpiR , (/)2B = Z(2,02H , = ZXAr^ , f]BriB = Zr^f]Rr]R , ^^^^ 

niB = ZminriR , A^ = ZxXr , gR = Zg gR , ^r = Z^^r , cr^ = Z^^aR , 



with 
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where renormalization constants Z^, have been introduced and "5" and "i?" 
denote bare and renormahzed quantities, respectively. The Ward identity requires 

1^1 (as for 



ZgZA 



131 and the MS scheme 



1. Using dimensional regularization 
all calculations in this paper) I have computed the at the two-loop level for 
(T/j = 1. The result is given in the appendix. 

As a check on the consistency of the gauge and as an illustration for its 
use, the one-loop radiative corrections to the Higgs and physical gauge boson 
masses are computed in the next two paragraphs. 

With the tree-level Higgs field vev v\ = —m?/\ the tree-level Higgs mass 
obtains as = 3\vq + rn? = —2rn?. Its one-loop correction is given by [jl5 
(let be the momentum flowing through the graphs) 



m 



Hi 



where in gauge 




Ho 



{31 




f 1-loop] 

IPI 




+ 



I I 
\ _ / 




+ ■ 



+ 



+ 



+ 



I I 



+ ® , (39) 

+ f , (40) 



and where the external legs have to be truncated as for all other graphs in this 
paper. Using the Feynman rules given in tables |I| and ^ one gets after evaluation 
of the momentum space integrals (let /i be the renormalization scale and define 
/i by In/i = ln(47r/i) — 7^, where 7^ is the Euler-Mascheroni constant) 



m 



Hi 



{eVSn - 28)A + 10/ - 6y J + (SA - 6g' 
+ (2A - 6c/^) In 



In 



2A 



+ 4 I A-2/ + 3y 



2£_ 
A 



1 arctan 



2g^ 



1 



(41) 



which as physical quantity is gauge independent as expected [|T^, 0, [T^. 

The determination of the physical gauge boson mass proceeds in close analogy: 
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Its tree-level value is given by = q'^Vq = —iv?g'^/ A. If we write 




where in gauge 



V + 




(42) 





( I 



+ 




(43) 



(44) 



and truncate the external legs, then the one-loop correction to the physical gauge 
boson mass is easily seen to be given by 



A 



(45) 



Using again the rules in tables |l| and ||, one gets 



-m 



-A + 10/ 



62^ / 
9 A A2 



'4A2 



-4A 




16 



A + 8(7 



3 A +^A2 



In- 



A/i 



m2 




1 arctan \ 1 



(46) 



which also is gauge independent. 

Now we proceed to compute the EP at the one-loop level in both i?^ and 
gauges. The tree-level potential is just Vq = \\^'^ + |m^(y9^. In R^ gauge I 

have computed its one-loop correction by summing up graphs with all numbers 

of external lines (i.e. using (|l|) at = 0) as well as from vacuum graphs as in 
|T^, |rB|, but as stated earlier the price one pays in the latter case is the use 

of mixed propagators between longitudinal gauge boson modes and would-be- 

Goldstone bosons. The result is of course the same: 



4(47r) 



In- 



3' 




— 2m 




(47) 



with (the tree-level values of the squares of) the Higgs mass mjj = SXLp^ + m'^ and 
the physical gauge boson mass m\ = g^ip^ and with ml fj = |(Av9^ + m^) +C^g^{pvo 

^\\J (-^V^^ + ^^)[(Av5^ + rn?) — 4:C,g'^ip{(p — vq)] and ml = ^g'^ipvQ. 
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In gauge, we simply have 



— I 




+ ( I + 



+ 



+ 



® 



4(47r)^ 



+ m-Q I In 



G 



— m 



gh 



3^ 



(48) 



with the would-be- Goldstone mass m|. 



= (A + ig^)'^'^ + m?^ the ghost (and 
longitudinal gauge boson) mass m^;^ = ^g^^'^ and rn\^ and as above. Clearly, 
in gauge V\ is not only easier to compute but also has a more convenient 
analytical structure due to the simple expressions for the appearing masses which 
contain no awkward square roots anymore. 

It is straightforward to determine the two-loop contribution to the EP as 



— I 




-i[(m| - 2m\f + 8ml]KHAA - \[{ml - Im^^f - Sm^i^^,,,, 

+ ^THAghKHAgh — \ThGaKhGA + ^^HGgh^HGgh 



aAg/i,-' HAgti 2 ^ ^ '^^^ ^HUA^ 2" ''HGgh^ « Ggh 

:jjGgh[HLjj + Ll) + 2LhLg\ + \m\[LHLG + 2{Lh + Lg)L, 
+ \m]j{LA - Lghf 

+ \[{m\ - m%Ggh)LH + {mjj - w?g)Lg - {rn\LA - mlf^Lgh)]{LA - Lgu) 
+m\{3LH + Lg) + m\{m\ \m\ — ml)LA 

-m\{mj, + 2ml)} , (49) 
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where 



m 



-'■ xyz — 

2 _ 

HGgh — 

Lfr = 



ml + my + ml — 2myml — 2mjm^ — 2m^my 

2 



K — 



2 2,2 o \ 

Ty^/ 2 2 2\ 



(50) 
(51) 
(52) 



(/X 



2\e 



1'-^ { ^^""^^ y (27r)'^ (27r)'^ {p^ - ml){q^ - m^) [{p + g)^ - m^] 



+ E 



4-- 



TT^ + 6 




(53) 



(For an evaluation of K^yz see e.g. [|T9[.) V^i-r^ and V^2,"r5 *^^ly slightly more 



complicated than the corresponding expressions in Landau gauge which one gets 
back by letting ^ — > in our results. 

Since the EP is not itself a physical quantity it can be and indeed is gauge 
dependent. However, its value at points where V^' = is a physical energy density 
and should therefore be gauge independent |jl6|, 0, The energy density at 
the symmetry breaking solution of V^' = is given by 



V{v) 



where 



[1-loop] 

IPI 



/'2-loop^ 
IPI 



+ 




+ 



higher 
loops 




+ 



ip=V0 

(54) 



(55) 



^ T " I " I T 
The one-loop contribution is gotten by substituting t>o into ( ^7|) and (H) and 

one finds V^^^{vo) = Vi^r^(wo) = gauge independent as expected although the 

one-loop correction to the Higgs field vev, given by vi = y/(t>o)/(2m^), turns out 

to be gauge dependent as is expected for the location of the vev [|T^. In gauge 

it is easy to determine the two-loop contribution to (|5^) and it also turns out to 

be gauge independent. The same is true for the other stationary point, i.e. (f = 

(however, the loop expansion is a bad approximation scheme here due to infrared 

divergences) . 



6 Application II: An SU(2)-Higgs Model 

For the Abelian Higgs model Rate and Sate vanish. To demonstrate some non- 
trivial appearance of Rate the renormalization of an SU(2)-Higgs model will be 
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sketched in this section. This model can also be regarded as a truncated version 
of the standard electroweak model with vanishing weak mixing angle and no 
fermions. 

We start from the Lagrangian 



C = \ {D^^Y {D^^) - ^F,,.Fr - ^m2$^$ - (56) 



with 



Fr = d^A:-d''A^,-geatcA^,A'^,, (57) 
D"'^ = {d" + igTaA'^) <l> . (58) 



Here 



$^=(00,01,02,03) (59) 

is a collection of real scalar fields and with the scalar self-coupling A > and 
< the SU(2) gauge symmetry is spontaneously broken down completely. 
It turns out to be clever to choose the generators as 

TcAB = -^Vabc , (60) 



where the rjABc are 't Hooft symbols ||2T 



VABc = 


^ABc 


for 


A,B,c = 


1,2,3 


VAOc = 


^Ac 


for 


A,c = 


1,2,3 


VOBc = 


-Sbc 


for 


B,c = 


1,2,3 


VOOc = 





for 


c = 


1,2,3 



(61) 



and the direction of symmetry breaking as 

{) = (1,0,0,0). (62) 

Then $ is nothing but a complex doublet transforming under the fundamental 
representation of SU(2), written in terms of its real components. The normaliza- 
tion is such that fate = ^abc- Since there is no unbroken subgroup, we try 

O-ab = CrSab/^, Qab = ^^ab • (63) 

From the structure of the one-loop divergences for the quartic ghost coupling for 
Rabc = Sabc = it is then easy to guess as simplest admissible form 

Rabc = a^eabc , Sabc = . (64) 

By considering all divergent one-loop diagrams we can now check renormalizabil- 
ity to this order. Indeed everything works out and with 



1 1 



= Z'^(j)QR , (paB = Z^(j)aR , Ob = Z^aR , (65) 
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a = 1,2, 3, and otherwise the same definitions as in ( p7D the resulting effective 
Lagrangian C^s = C + £gf + £gh keeps its form under renormahzation. The 
one-loop results for the can be found in appendix B. To enjoy the absence of 
mixed would-be- Goldstone-gauge propagators we would set ctr = 1. 

£eff can also be obtained by the following procedure: Take the most general 
dim < 4 Lagrangian with given field content {(po, (pa, A'^,Va,Va, Ba), a = 1,2,3. 
Impose the nil-potent s-symmetry of ([131) with and fate given above, the 
discrete symmetry (0O)0a) {—4>o,~(pa) and a global S0(3) symmetry, under 
which 00 is a scalar and (pa, A'^, Va, Va, Ba are vectors. Integrate out the Ba- Up 
to total divergencies and trivial changes of variables, £eff with the parameters 
given above is the result. Therefore £eff is renormalizable in any regularization 
scheme that observes the symmetries, e.g. dimensional regularization. 

To impose s-invariance for this case we define 

= ^Sab (66) 



so that (H) is fulfilled. Using (|g) and (|T]) it follows 



Rabc = —-p—^abc , Sabc = (67) 



2a 

and therefore s-invariance is equivalent to 

(68) 

Stability of this condition under renormahzation can easily be checked at the 
one- loop level using the results for and Z^ given in appendix B. 



7 Application III: An SO(3)-Higgs Model 

For both examples considered so far, aab is proportional to 6ab and Sabc = 0. To 
present a non-trivial appearance of both aab and Sabc, now the renormahzation 
of an S0(3)-Higgs model with an unbroken SO (2) subgroup will be sketched. 

Consider again the Lagrangian (|56D , with F/^'^ and D^^ as in (|57|) and (|58D , 
but now with a triplet of real scalar fields 

(01,02,03) (69) 

and the generators given by 

Tijk = —i^ijk ■ (70) 

Again the normalization is such that fabc = ^abc- 

With the direction of symmetry breaking chosen as 

€ = (0,0,1) (71) 



14 



there is an unbroken SO (2) subgroup of rotations in field space around the 3- axis. 
While Qab contributes only for broken generators and we can set 



= ^6ab, (72) 

we have to treat broken and unbroken generators differently in aab, Rabc and Sabc- 
For aab it is natural to try 

(Jab = ^{Sab - SasSbs) + ^'^aS'^ftS- (73) 

In order to minimize the amount of complication involved we choose Rabc and 
Sabc to be non-zero only if {a,b,c} is a permutation of {1,2,3}. Together with 
the symmetry properties (|TT]) we get therefore 

Rabc = ^Oieab3S3c + ^PiSaS'^Sbc- 5b3(^3ac), (74) 
Sabc = |^7(eafe3'^3c + eacSf^Sft)- (75) 

Considering again all divergent one-loop diagrams and with 
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01, 2B = ZQ(f)i^2R , <p3B = Z^(f)sji , ^5*25 = ^M/^l,2i? ' = ^l^Sil ' 

Vl,2B = Zfj^f]i^2R , V3B = Zfj^f]3R , r]i^2B = Z^^r]i^2B^ , r]3B = Z^^r]3R , (76) 

o^B = ZaaR , f^B = Zpf3R , 7b = ^^7_R , (Twb = Z^awR , ctab = Z^^gar , 

and otherwise the same definitions as in (^) the resulting effective Lagrangian 
keeps its form under renormalization. The one-loop results for the Z^ can be 
found in appendix C. To enjoy the absence of mixed would-be-Goldstone-gauge 
propagators we would set ay/R = 1- 

£eff can also be obtained by the following procedure: Take the most general 
dim < 4 Lagrangian with given field content ipa = (0a, ^a, Va, Ba), a = 1,2, 3. 
Impose the nil-potent s-symmetry of ([13|) with and fate given above, the 
discrete symmetries (0i, 02,03) ^ (-01,-02,-03) and (^1,^3) (-^1,-^3) 
and a global S0(2) symmetry, under which -03 are scalars and ipa, a = 1,2 are 
vectors. Integrate out the Ba, a = 1,2,3. Up to total divergencies and trivial 
changes of variables, Ces with the parameters given above is the result. Therefore 
£eff is renormalizable in any regularization scheme that observes the symmetries, 
e.g. dimensional regularization. 

To impose s-invariance for this case we define 

Aab = ^{Sab - Sa3Sb3) + ^A^'Sa3Sb3 (77) 

SO that (H) is fulfilled. Using {^) and (|l]) it follows that 

/A^ 1 \ A4 

Rabc = 77^ ] ^<^ab35c3 — 77~^i^a3<^bc3 — 5b3'^ac3), (78) 

\2aA J 2aA 

Sabc = 1(1 - A^)(e„fe35c3 + eac3'^63) (79) 



15 



and therefore 



P^-^, .^1^. ,80) 

ZaA aw 4 

Eliminating the newly introduced parameter from these equations we get 

_(^_^_ ^^4^. (81) 

Za^ aw ZaA 

In the case at hand we can diminish the number of gauge parameters by 
imposing 

13 = Q (82) 

alternatively or additionally to s-invariance. This condition can be shown to 
be stable under renormalization. Note that if we impose (|8^ additionally to s- 
and s-symmetry, f/3 and 773 effectively drop from the theory. As already noted 
in section | this is due to the fact that an unbroken Abelian subgroup does not 
always require a ghost field. Also, since now = 0, we loose invertibility of 
A^j,^; only the restriction of A";,^ to a, 6 = 1,2 can be inverted which turns out to 
be sufficient at this stage. We have 

« = -— , /3 = 0, 7 = 7, (83) 

aw 4 



which also means that Sabc is no longer renormalized. Stability of (plD, ( p2D and 
( |53D under renormalization can easily be checked at the one-loop level using the 
results given in appendix C. 



I am grateful to Roberto Peccei, Duncan Morris, Gerard 't Hooft, Konstadinos 
Sfetsos and especially Bernard de Wit for valuable discussions and suggestions, 
to Jim Congleton for proofreading an early version of the manuscript and to the 
referee for crucial suggestions. This work was supported by Stichting FOM. 



Appendix A 

Using dimensional regularization and the MS scheme the up to two loops in 
the Abelian Higgs model are for a = 1 (all quantities are the renormalized ones, 
e = 4 — d, d = dimension of space-time): 

, , (6 + 20(7^ , -4A^-4Ae^^ + (-f + 2e-3eV 
/i Zh — i H 1 



(47r)2e (47r)4e 
8Ae^^ + (20 + 12eV 
{A^^ 
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(6 -60^7' -4X' + AX^g' + {-f-2^-lie)9' 



(47r)2e (47r)4e 

Ae(?2 + (20-2_4e + 12eV 
(47r)4e2 



+ 773^172 (85) 



^ (47r)2e (47r)4e ^ ^ 

, 8A-6(72 _20A2 + 32A(7' + f (7' 



(47r)2e (47r)4e 

112A2-96A^2^40^^ 

(4^0^^2 ( 

20A-12^2^6WA , -120A' + 56\g^ + - ^//A 



/i'^^A = 1 + " ^ + 



(47r)2e (47r)4e 
400A2 - 360A^2 ^ 188^4 _ 32//A 

(47r)4e2 



1^' V 1^?' . ^ 

= 1 + -^ + -!- + -^ (90) 



(47r)2e (47r)4e (47r)4e 

4A + (-f + AOg^ -12A2 - 8Xg^ + (i + 12^2)^4 



^ (47r)2e (47r)4e 

, 48A^ + (-if + IQQXg^ + (32 - f ^ + 4^2)^4 

TTZTi^ y^^) 



(47r)4e2 



4A + (-6 + 60(?' -12A2 - 8A(72 + (^ _ 4^ + I2e)g^ 



Za = 1 + .0 + 



(47r)2e (47r)4e 
48A^ + (-48 + 320A^^ + (28 - 48^ + 24^^)^^ 

Note that ZgZ^ = 1 up to terms of higher than two-loop order as required by 
the Ward identity. 

The one- and two-loop counterterms can be reconstructed from the above. 
For illustrative purposes and because some of them are used in the text, the 
one-loop counterterms are given in table Q 



Appendix B 



The Zx for the SU(2)-Higgs model of section |^ in MS are for general a at the 
one-loop level: 

(47r)^lv2 2a ^ 



fi^Zn = 1 + 7tV( o+3^-7Tt1 (93) 
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Zi 

z. 

Zn 



3^ 



1 + 



g^ 



1 + — ^ 

(47r)'e 



1 + 



g' 



(47r)'e V g 



g' 

1 J ^ — 



g^ 



g^ 



1+ ^ ^2 



Q 
O 




3-i 


) 






12A 


9 




' 2 


24A 






-9 




-43 \ 




3 j 




4A 


41 



9^^ 
8A 



{AnYe \g^ ' Q 
2 /4A 3 



^--:_e + 4< + ^ + $ + 4aV 



1 + 



4A 3 , ^ , 



(94) 
(95) 
(96) 
(97) 
(98) 
(99) 
(100) 
(101) 
(102) 



(47r) e V ' 2 ' " ' 4a 
In an actual application to compute the EP we would set a = 1. 

Appendix C 

The Z^ for the S0(3)-Higgs model of section ^ in MS are for general and 
at the one-loop level: 



fJ^'Zn = 1 + 



g' 



(47r)2e 

2 



fJ^'Zc 
(i'Za 
fi^Zw 
Zfj^Zjj^ 

ZfjwZr]w 



1 + 



g 



(47r)2e 



g' 



(47r)2e 

,2 



1 + 



(47r)2e 

2 



g 



(47r)2e 



(47r)2e 



4e 



12 + 8^ 

12 - 4^ - — - 

Oa 

8 + 67^ - — + 
8 - 37^ - - - 



2^\ 










) 






±_ 








-37^ 


_i_ 







(103) 
(104) 
(105) 
(106) 



3 + - + 



37^^ e , .2 , 37^^' 



2 2o^ 2avi 



+ /57r + 



18 



1 + JTyT fs - - - - - — ) (109) 

1+ «Lf"_i_6,-2e-„e+«-M^^+8« 



(47r)2e ' ^ ^ 2 2cr^ 2(t, 



w 



1 + /. NO ^ - 9 - 67 - 2^ - a{ + 5/?C 



(47r)2e / » ■ ^» 2 2a, 



'A 



+4,w^i^-5^.e^-^-ii!-|^ + ^i!) (114) 

1 + TT^ — - 9 - 67 - 2^ + + + ^ + 7^ + 7. — 
[A-Kye 2 2oi 2a-vy 

+2a-;^e + 4Q;/3a-;^e + 67^^^ + /^tC' + - M! + M! 

3^ 7^ + 3^^^2 _ 37T ^ M! _ + 4/37^' 



2(7^ 2(Tvy 2 2(Tvvr a.a^ 



2aA 



(116) 



1 + 77^ -— + 9 + 67 + 2^ + 2a^ + 87^ - ^ + (117) 
(47r)^e V aw J 

f A\ 11 a p ^ ai 87^ 



(47r)2e V ^2 2 27 27 ' 2 2 

2c^i 2 crv^. 2oi / 



(118) 
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In an actual application to compute the EP we would set aw — 1- Notice that 
because of ghost number conservation (i.e. f)^. and riy appear always in pairs 
fjxVy) the Zfj^, Zriw, Zf^^ and are not determined uniquely, but only the 
combinations Zf^^Zjj^, Zf^^Z^^, Zf^^Zjj^ and Zf^^Z,^^, of which only three are 
independent. 
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constant: 
tadpole: 

propagators: 

Higgs: 

would-be- 
Goldstone: 

gauge: 
ghost: 
vertices: 



• /I A 4 1 2 

« +-m ^ 



k? — rriff 



— rriQ 



9^iv k^ky/k"^ $^k^ky/k'^ 



k"^ — m\ k'^ 

i 



m 



k^ - m^^ 



R, 



vertices: 



gh. 



Rf 



R, 



same 



same 



same 



same 



same 



same 



R, 




X 



— 6iA(^ 



-6iA 



A 

/ V 



/ s 

r 



same 



same 



same 



-2i\(p 



V 




V 



\ / 
\ / 



V 



7\ J. 



-2a 



2gk 



g{ki + k 



7\ A 



\ / 

\ / 

y 

7\ 'A 



^ig^Qfiu 

^ig'^Qnu 
-2ze^V 

2iig^ 



same 



same 



same 



Table 1: Feynman rules for the Abelian Higgs model in R^ gauge for (jr = ^ 
and in generahzed i?^ gauge with rn^j — 3A(/?^ + w?, rriQ = (A + ^g'^)(p'^ + m^, 
= g^(fi^, rrigf^ — ^9^^^- is the momentum flowing through the propagators. 
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® 


—i 
2(47r)2e 


"(lOA^ + 2X^g^ + 3^^) + (SA + 2^/) mV^ + 2m^ 




1 


^ [(lOA^ + 2Xig' + 3/) ^3 + (4A + ig') m\ _ 


— ® — 


-(60A2 + VlXig^ + 18/)</?2 - (8A + 2^^2)^2 


- - ® - - 


i 

(47r)2e 


6(1 - 0^'^' 

-(20A2 + AX^g^ + 6^^ + 6eV)<^^ - (8A - 6^g^)m^ ' 






^(2A + 3e/-3/)^/., 




^ [(^/^^ + 2(3 + O^V^) - \9'Kk. 


. >. .®. >. . 





) 












/ 




> 




4i 4 


\ / 

s / 

/ s 
/ s 


^(10A^-6A5/ + 3j^) 




\. 




/ 

/ 




^(10A= + 2A5g= 

+3(?4 + 3eV)v^ 


.1! 


i). 

'J. 


(^^;:^(2Ae,^ + 3eV), 


V 

/ s 
/ s 


^^-^(10A^ + 2Ae.^ 
+3^4 + 3eV) 


V 

3' 'J. 








^[(2A + e^^ + 3,^)A:,, 

-(2A + 3e5'-3^2)^^^] 


s / 
\ / 


(,:;,j2Ae,^-eV) 


7\ 


J. 



Table 2: One-loop counterterms in gauge for the Abelian Higgs model for 
Uji — l. k/^ is the momentum flowing through the two-point functions. 
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